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ABSTRACT 
In this paper we complete the characterization of intrinsic functions on real and 
complex semisimple algebras which was begun by R. F. Rinehart. The results depend 
heavily upon earlier characterizations of such functions on real simple algebras and 
on complex semisimple algebras. 
1. INTRODUCTION 
Let 8 be a finite dimensional associative algebra over the real field % 
and let G be the group of all automorphisms and antiautomorphisms of Y2l 
which leave 3 pointwise invariant. 
DEFINITION 1.1. A function F, mapping a domain D of X into Ql, is said 
to be intrinsic on D if 
(i) ZED~IZED, VOEG, 
(ii) F(QZ)=WF(Z), VZ ED, V&?EG. 
The study of intrinsic functions on 2l was motivated by Rinehart [lo]. The 
characterization of such functions for the case in which Z is semisimple (zero 
radical) over the complex field e was completed in [8]. In this paper we 
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establish an analogous characterization of intrinsic functions for the case in 
which % is semisimple over 68,. In this case it is known that 
where each 91L, is a simple algebra over CR [I]. Moreover, up to isomorphism, 
the only simple algebras over 9% are the matrix algebras 
CR+, = {n by n real matrices over a}, or 
C?: = { n by n complex matrices over CR}, or 
Q, = {n by n quaternion matrices over CR,} I111. 
Because of these structure theorems we assume each 2fi is either CR,,,  (?A, 
or Q,. All our results carry over directly to arbitrary semisimple algebras 
using the techniques described in [5]. 
The elements of the algebra !J are thus block diagonal matrices: 
A =dg{A,,A, ,..., A,} =A,@A,@ . . . +A,, 
withAiE?i& or C?; or Cl,. 
An n by n matrix of quaternions A has an infinite number of eigenvalues 
A in the sense that AX= Xh for X EQ and X a non-zero n by 1 matrix of 
quaternions. There are, however, only 2n complex eigenvalues of A if we 
agree to call a quaternion “complex” when it is of the form a + bi, + Oi, + Oi, 
[7]. These occur in conjugate pairs, and the n complex eigenvalues whose 
imaginary parts are nonnegative are called the principal eigenvalues of a 
matrix of quaternions [3]. The principal polynomial of A, p(x), is given by 
where 4 is a principal eigenvalue of A. In this paper the term eigenvalue of 
a quaternion matrix will mean only a principal eigenvalue, and the term 
characteristic polynomial of a quaternion matrix will mean its principal 
polynomial. For real and complex matrices the terms eigenvalue and 
characteristic polynomial will have their customary meanings. For reasons 
soon to become apparent the term minimum polynomial of a matrix A will 
indicate the minimum real polynomial when A E a,, , but the minimum 
complex polynomial when A E C?A or A EQ,. (The concept of a complex 
polynomial in an element from these real algebras provides no difficulty, 
since both C?i and Q, have subalgebras isomorphic to C? .) 
The set of eigenvalues or spectrum of a matrix B will be denoted by A(B) 
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and will always contain n points (not necessarily distinct); that is, 
A(B)= {Vz,...,a>, 
and if 
then 
A=A,@As@...@A,E%, 
A(A)= ;I A(AJ. 
i-l 
As in [8] we use the notion of the tagged spectrum of A. 
DEFINITION 1.2 For A = A, @A, G3 . . . @A, E %, the tugged spectrum of 
A is 
The elements of TA(A) are called the tugged eigenvalues of A. 
The set TA(A) always contains m= f: n, points, not necessarily distinct, 
i=l 
and if A and B are similar in 9X, then TA(A) = TA(B). Moreover, if 
TA(A) = TA(B) and A has no repeated tagged eigenvalues, then A and B are 
similar in ‘u; see [3] for the quaternion case. 
2. THE INDUCED FUNCTIONS 
With one exception, namely the real algebra L?i [4] if F is an intrinsic 
function on a simple real algebra, then F is a polyfunction, i.e., F(A) is a real 
polynomial in A, whose coefficients depend on A as well as on F. What can 
be said of an intrinsic function F on the real algebra (?L is that F(A) is a 
complex polynomial in A, whose coefficients depend on A and on F [2,4]. In 
the case under consideration here, ill = %,63 * * . CBiY[,, it is easy to see that 
each block of F(A) is a polynomial in the corresponding block of A. 
Specifically, we have 
THEOREM 2.1. Let F be an intrinsic function defined on a domain D of a 
semisimple real algebra % = 8,CB * . * G3i?it. Let A = A,@ * * * @A, be ar- 
bitruy in D and let F(A) = F(A),@ * . * C?3 F(A),; A,, F(A), E91i. Then there 
exist unique polynomials p,(x), i = 1, 2,. . . , t, satisfying 
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(i) p,(x) is a real polynomial when aI, = 3, or 91i = Q,, and may have 
complex coefficients when 5!Ii = C?;. 
(ii) F(A), = piA( 
(iii) degp,(x) < degm4(x), where mA, (x) is the minimum (real) po- 
lynomial of Ai when BI, = 9Lh,, and m4 (x) is the minimum (complex) 
polynomial of Ai when aj = k?k or 3, = Q,. 
Proof. The proof of Theorem 2.1 involves using the fact that F is 
intrinsic to show that F(A), commutes with every element of !.X, which 
commutes with Ai. The details are given in [ll] for the case where 911i is 
simple. 
For i=l, 2,..., t, let Pi be an arbitrary nonsingular element of !.X, which 
commutes with Ai, i.e., A,P, = P,A,. Then 
is nonsingular and commutes with A, so A = P - ‘AP for any A E D. Since F is 
intrinsic on D and the mapping X+P - ‘XP is an inner automorphism of %, it 
follows that 
F(A)=F(P-‘AP)=P-‘F(A)P 
and hence that F(A) commutes with P. Using elementary properties of direct 
sums [6] it follows that 
P,F(A),= F(A)iPi, i=l,2 ,..., t. 
If any of the Pi are singular, then a simple continuity argument, in which 
Pi is replaced by Pi + SZ, establishes that we have 
P,F(A),= F(A),P,, i=l, 2 ,..., t, 
where Pi is an arbitrary element of Iui. 
The conclusion of the theorem now follows from the double centralizer 
theorems for real and complex matrix algebras [6] and for the algebra of 
quaternion matrices [2]. For kXi = C?.; we embed C?k in C?, = { ni by n, 
complex matrices over C? } to obtain the result that F(A), is a complex 
polynomial in Ai. n 
In general, the coefficients of the polynomials piA will depend on all of 
A, not only on Ai. Therefore as in [8] we compare the tagged spectrum of A 
and of F(A), and we try to discover an induced function from TA(A) to 
TR(F(A)). Unfortunately it is not true, as in the complex case, that 
TA(F(A)) = { (i,piA(h))l(i,X) E TA(A)}. 
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The exception is that when 8, = Q,, the principal eigenvalues of F(A){ need 
not be given by p,(X) for all A E A(AJ, since principal eigenvalues need not 
map onto principal eigenvalues under F. Therefore we simply consider the 
induced mapping 
from TA(A) to the set {(i,~~(x))}. Th is mapping is invariant under the inner 
automorphisms of 8, which guarantees that, for the case of distinct tagged 
eigenvalues, the induced mapping (2.1) is independent of the choice of the 
element with those tagged eigenvalues. 
If A has repeated tagged eigenvalues, we define the induced mapping to 
be 
(i7h)+(i,pic(X))9 (2.1’) 
where C is a block nonderogatory element in the domain of F. The block 
nonderogatory elements of 9l are easily seen to be dense in 3, so, if the 
domain of F is open in %, there will always be a block nonderogatory C E D 
such that TA( C) = TR(A). 
As in the complex case .[8], th e induced mapping may be described in 
terms of the coefficients of the characteristic polynomials of the blocks Ai. 
Since the characteristic polynomial of A = A, El3 . . . @A, can be factored into 
where 
ci(x)=CA(X)= fi (LX-hk) 
k=l 
is the characteristic polynomial of Ai, we can set 
~(Ai)~(o,[Ai]~~,[Ai],~..,o~_,[Ai])EV~_,(~), 
and, as in [8], tag each eigenvalue of Aj with the point u(Ai). Letting 
m=~C:=lniandr=II:,lni,weassociatewithA=A,~...~A,thefollowing 
set of r points (not necessarily distinct) of V,( 6?) = V,J e) X V,,(e) X . . * X 
Ky3 
The elements of the set CP(A) are called chaructwktic points of A. 
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Clearly F induces a mapping f from V,(e) to V,( 6?) defined by 
f:P=(a(A,),X,;...; o(A,),A,)~(P,,(X,),...,P,(~)), 
where p, (x) are the polynomials of Theorem 2.1. 
The foregoing discussion yields 
THEOREM 2.2. An intrinsic function F, defined on an open domain D of 
a semisimple real algebra 9l= aI63 * * * CB%,, induces a function f mapping 
an open domain of V,( 6?) into V’(e). The function f is &fined at any point 
P E V,,,( e ) which is a characteristic point of some block nonderogatory 
AED. Zf A=A,@--a @A,E D has for a characteristic point P 
=(e(AJ,&;...;e(A,),&), then 
where p, (x), i = 1, 2,. . . , t, are the polynomials of Theorem 2.1. The value of 
f(P) is independent of the choice of the block nonderogatory mutrix A E D. 
3. DISTINCT TAGGED EIGENVALUES 
As in the complex case, once A is fixed, each of the component functions 
J becomes a function of one complex variable. We denote this function by 
fti and the value of this function at z by 
fiA(4 =A( ,..;u(A,),z;...). 
Because Ql is a real algebra we know from [lo] and [3] that if fti (z) is 
defined, then J*(z) is also defined and fa(Z) = fti(z) , i.e., fti is an intrinsic 
function of a complex variable. 
Since for each h E A(A,) we have fti (A) = p,(X), and Ai has ni distinct 
eigenvalues, piA is given by the classical Lagrange interpolation formula 
[9], i.e., if A(AJ = {&, . . . ,&}, then 
This implies that p, (Z), 2 E Zui, is the value of the primary function fti (2) 
on 91i with stem function fd (z) [9]. We summarize this discussion in 
THEOREM 3.1. Let F be an intrinsic function defined on a domain D of a 
semisimple real algebra ‘3 = 9l,@ . * * CD%,, and let fi, fi,. . . ,ft be the ccnn- 
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ponent functions of Theorem 2.2. Consider A = A,@ - * * @A, E D, and let 
fti (z) be the function of z only 
fti(z)=.U . . ..u(A.),z;...). 
Whenever fU (z) is defined, then ffi (5) is also defined and fM (z) = fti (z) , 
and if A has distinct tugged eigenvalues, then 
F(A) =fL4 (A,) @f% (A,) @ * * * @fti (A,), 
where fM(Z) is the primary function on ‘Zi with stem function fiA(z). 
4. REPEATED TAGGED EIGENVALUES 
The algebra % is easily turned into a metric topological space by embed- 
ding 9I in e, and defining the norm of A ES by 
The topological considerations of [B] then hold in their entirety. In addition, 
since 8 is a real algebra, we note: 
1. When Ai E ‘%, , there need not be a canonical form for A, with 
eigenvalues on the diagonal, since 3 is not algebraically closed. However, 
[6] assures us that for any matrix A,E qh, with repeated eigenvalues, there is 
in any neighborhood of A, a nonderogatory matrix Ci having the same 
eigenvalues, as required for (2.1’). 
2. When Ai EQ,, the methods of [3] must be used, and the induced 
eigenvalue mapping for such a block must be completely described using 
only the n, (principal) eigenvalues. 
3. When there are repeated roots of the minimum polynomial of A,, jr, (z) 
is analytic at these roots and 
where Xi, X,, . . . ,h, are the distinct zeros of order si, ss, . . , ,st in the minimum 
polynomial of A,, and k = 0, 1, . . . ,si - 1 [lo]. 
Utilizing these three modifications of the limiting process given in [B], we 
obtain 
THEOREM 4.1. Let F be an intrinsic function defined on a domain D of a 
semisirnple real algebra %=9X,@ * * * @8,, and let fi, fi,...,f, be the com- 
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ponent functions of the induced function of Theorem 2.2. Consider A 
=A,@... @A, E D and let fiA (z) be the function of .z only satisfying 
ffi(z)=fi(...;u(AJ,z; . ..). 
Then F(A)= fiA(Ai)43f2A(A2)613.. . @ftA(AJ, where fiA(Z) is the primary 
function on Vli with stem function ffi(z), if either 
(i) A has distinct tagged eigenvalues, or 
(ii) Aj bus repeated eigenvalues, but A is an interior point of D, F is 
continuous at A, ftA(z) is analytic in a z neighborhood of each repeated 
eigenvulue of Ai, and at each zero 4 of multiplicity sj of the minimum 
polynomial of Ai the functions h*(z) and its derivatives up to order si - 1 are 
all intrinsic functions of the complex variable .z. 
5. (n,+..- + n,)-ARY FUNCTIONS 
In this section we will demonstrate how to construct an intrinsic function 
on a real semisimple algebra 91 from a suitable function f from V,(C) to 
V,(C). 
Consider now the case where 3 has isomorphic components, say ‘LI, = (lI/, 
mlder the mapping I: iLI,-+‘2l,, and let D be the uniquely determined 
automorphism of 9l whose restriction to ‘91j is l?, whose restriction to !Bi is 
r-l, and whose restriction to ‘X,, for k# i, j, is the identity. Then 
QA=L?(A,G+ @Ai@... @Ai&. @A,) 
=A,@+.. @Ai&. @Ai@... $A,. (5.1) 
The intrinsic nature of F then implies, just as in the complex case [8] that 
fL2 (&J =f& (UT k#i, k#j, s=O, 1,2 ,..., s;’ 
for each point &, of multiplicity sk, in A(A,); 
$;)(+)=@&),s=o, 1,2 )...) 9-l 
for each point +, of multiplicity si, in h(Ai); and 
J$‘(hJ = f/g&), s = 0, 1, 2,. . . ,si - 1 
for each point X,, of multiplicity si, in h(h,). (5.2) 
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Let f be a function from a domain I of V, ( (2. ) to V’( e ), and let the 
component functions be fi. fz,. . . ,f,, i.e., for each P EI’, f(P) =(f,(P), . . . , 
f,(P)). As in the complex case, it is required that 
if P E I is a characteristic point of some A E 8, then every characteristic 
point of A is in I, i.e., CP(A) c I; (5.3) 
once the choice is made of A = Ai@. * * @A, such that CP(A) c I, then, 
for i=l, 2 ,..., t, 
is independent of the choice of 4 EA(AJ, i# i; (5.4) 
if Ill, = 8,, and Q is the automorphism (5.1), then the conditions of (5.2) 
hold; (5.5) 
each fti (z) is analytic at each nonsimple point X E R(A,). (5.6) 
Moreover, since X is a real algebra it is required that 
each fti (z), as well as each derivative up to order sj - 1, is an intrinsic 
function of the complex variable x at the repeated roots of multiplicity si 
of the minimum polynomial of Aj. (5.7) 
DEFINITION 5.1. Let f be a function from a domain I of V, (C? ) to V, ( e ) 
satisfying conditions (5.3) through (5.7). For each A = A, Cl3 . - * CBA, E X such 
that CP(A) c I, define 
F(A) =fL4 (A,) @. * . @f_4 (A,), (5.8) 
where fti(AJ is the value at Ai of the primary function on Ylj with stem 
function fti (z). The function defined by (5.8) is called the (ni + * . * + n,)-my 
function with stem function f. 
It follows from conditions (5.3) through (5.7) that an (n, + . * * + n,)-ary 
function on % is always an intrinsic function on 9l. We state this as 
THEOREM 5.1. An (n, + . . ’ + n,)-ay function on the semisimple real 
algebra ‘%=911CB. *. @$!I, is an intrinsic function on some domain D of 8. 
Theorem 4.1 says that appropriate continuous intrinsic functions are 
(n,+ * * * + n,)-ary functions. Thus Theorems 4.1 and 5.1 essentially 
characterize the intrinsic function on real semisimple algebras in a manner 
analogous to the characterization of intrinsic functions on complex semi- 
sim,ple algebras in [8]. 
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